SO’NGI ILMIY TADQIQOTLAR NAZARIYASI 6-JILD 12-SON
RESPUBLIKA ILMIY-USLUBIY JURNALI 13.12.2023

A PROBLEM FOR A THREE-DIMENSIONAL EQUATION OF MIXED TYPE
WITH SINGULAR COEFFICIENT

K.T.Karimov
A.M.Shokirov
FerSU, Uzbekistan

INTRODUCTION
Problem Statement
The study of boundary value problems for mixed-type equations is one of the central
problems of the theory of partial differential equations of its appliedimportance. For the
first time, F.I. Frankl [1] found important applications of these problems in gas
dynamics, and I.N. Vekua [2] pointed out the importance of the problem of mixed-type
equations in solving problems arising in the momentless theory of shells.

So far, the studies of boundary value problems for mixed-type equations with
singular coefficients have been carried out mainly in the case of two independent
variables. However, such problems in three-dimensional domains remain poorly studied.

The Tricomi problem for a mixed elliptic-hyperbolic equation in three-dimensional
space using the method of integral Fourier transform was first studied in [3]. After this
work, a number of works appeared in which boundary value problems for various
elliptic-huperbolic equations in three-dimensional domains were considered (see, for
example, [4], [51. [6], [7]. [8]. [9]. [10], [11], [12]).

B nanno#i pabGore M3ydaeTcsi MPOCTPAHCTBEHHAs 3ajadya TpUKOMHU Il TPEXMEPHOTO
YpaBHEHUSI CMENIAHHOTO TUIIA C CUHTYJISIPHBIM KO3((UIIMEHTOM B 00JIaCTH, DIITUTITUYECKAS
9acTh KOTOPOH YETBEPTH IWIMHApPA, a THHepOoIMYecKas 4acTh — TPEYrojbHas MpsMas
pHU3Ma.

Let Q={(X,Y,2):(X,y) € A,z €(0,C)} where A -is the finite one-connected region

of the plane XOY , bounded at y>0 by the are & ={(Xy)X* +y* =1,x>0,y 0|
and segment OM ={(Xx,y):x=0,0<y<1}, and at y<O - by segments
0Q={(x,y):x+y=0,0<x<1/2} and, QP ={(x,y):x-y=11/2<x<1}
0=0(0,0)M =M (0,1) P=P(1,0) Q=Q(1/2,-1/2).
Let introduce the notations: gy =Q m(y > O) Q=0 ( y < O);
AO:Am(y>0),;,A1:Am(y<O)SO:{(x,y,z):aox(o,c)},
Slz{(x,y,z):OM x(O,c)}, ;§2:{(x,y,z):C)_Qx[0,c]};
§3:{(x,y,z):ﬁm(z:0)},S_4={(x,y,z):§_2m(z=c)}

In the domain €2 consider the equation
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2
UXX+(sgny)UW+UZZ+77UZ:O, (1)
Where is. ¥ € (0,1/2)

In the region €2 equation (1) belongs to a mixed type, namely in the region 2
elliptic type, and in the region ;- hyperbolic type, and Z=0are the planes of
singularity of the equation, and when passing through the rectangle QO ﬁﬁlthe

equation changes its type.

We investigate the following problem for equation (1) in the region Q.
Problem T (Trikomi). Find the function U (X, Y, Z) , satisfying in the region ()

equation (1) and the following conditions:

U(xY,2)eC(Q)NCEy2(Quey), Uy, U, 27U, e C(Qp); 2)
U(x,y,z)So =F(x,y,2); (3)

U(xy.z), =0.U (X,y,2)|s—2 =0, (4)
U(x,y,z)s_3:0, U(x,y,z)|§4=0, (5)

as well as the bonding condition

U, (x,-0,2)=U,(x,40,2z), xe(0,1), ze(0,c), (6)

where F (X, Y, Z) is a given function.
Note that the posed problem at ¥ = Ois studied in [13].

2. Construction of partial solutions of equation (1) in the region of hyperbolicity
and ellipticity of the equation
We find nontrivial solutions of equation (1) satisfying conditions (4), (5). Dividing

the variables by the formula U(X, y,z):w(x, y)Z(z), from equation (1) and

boundary conditions (4) and (5), we obtain the following problems:

W, +(sgny)w,, —Aw=0, (x,y)eAn{x>0}, (7)
w(0,y)=0, ye(0,2); w(x,—x)=0, xe[0,1/2]; (8)
Z”(z)+2772'(z)+/12(z):0, 0<z<c; Z(0)=0,Z(c)=0. ©)
Problem (9) has nontrivial solutions of the form [14], [15], [16]
Zn(2)=2"%73y,_, (onzlc), meN, (10)

where J| (Z) — is the Bessel function [17], and o, —M is the positive root of the

2
equation , 31/2_7 (\/IC) =0 ﬂm Z(Gm /C) me N
According to [17], the system of eigenfunctions (10) is orthogonal and complete in

space L2 (O,C) with weight. 227
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Now consider the problem {(7),(8)} at A=A, in the region A, i.e., consider the

following problem:

Wy — Wy — AW =0, (X,y) €A, (11)
w(x,—x)=0, xe€[0,1/2]. (12)
The solution of this problem is found in the form

W(X,y) =X (E)Y (7). where £ =X% —y2, n=x%/& (13)

Then, with respect to the functions X(é‘) and Y(?]) we obtain the following

conditions , X (0)20 lim Y(?]) <400 and equations
1—>+0
EX"(&)+EX (&)~ A& + 1 |X(£)=0, £>0; (14)
77(1—77)Y"(77)+[1/2—77]Y’(77)+%,uY (7)=0, n>1, (15)

where f1 € R — is the separation .
Solutions of equation (14) satisfying the condition X (0)20, exist at >0 and

they (with accuracy to a constant multiplier) are of the form [17]

X(f)zlw(amflc), me N, (16)
Where @=./g, and |, (X) is the Bessel function of an imaginary argument of
order | [17].

(15) is a hypergeometric Gaussian equation [18]. Its general solution is defined by
the formula [18]

Y(n)= I = (012112 + w!21+ &}l n)+

e *F(~0l21- 0l21- w;ll7), (17)

where C;,C, —are arbitrary constants.

@ >0 it sincefollows from (17) that in order to obtain the function bounded at

11—+ , we need to put C, =0 in the formula , as a result of which, we get
Y(n)=cop ' F (/2,112 + 0l 2,1+ &1l 7). (18)
Consequently, continuous and nontrivial in Zl solution of the problem {(11),(12)},

according to (13), (16) and (18), are defined by the equations
Wr;(x,y):cln_a’/zF(a)/Z,(1+ w)/2,1+ w;l/n)lw(omflc), c,=0,meN.

(19)

Hence we find
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T (X) = Iimow,j1 (x,y)=¢21,(onx/c), xe[0,1];
y—>—
(20)

Vi (X) = yILr[\O%W,; (x,¥)=cw2”x7 1, (opx/c), xe(0,1),

Where F(Z) — is the Euler gamma function [18].
Now consider the problem {(7),(8)} at A =4, in the region Ag, i.e., consider the

following problem:

Wy + Wy — AW =0, (X,¥) €A, (21)
w(0,y)=0, ye(0,1). (22)
Dividing the variables by formula

w(x,y)=Q(p)S(¢). (23)

where p= \/XZ + y2 , Q= arctg(y/x) , from equation (21) and conditions
weC (KO ) , (22), we obtain the following problems:

Q' (p)+ Q' ()| (omplc)* + 2]Q(p) =0, pe(0.), (24)
Q(0)| < +o0; (25)

S"(¢)+ i1S(¢)=0, ¢<(0,7/2), (26)
S(712)=0, (27)

where [1 e R is the separation constant.
We first study the problems {(24),(25)}. The general solution of equation (24) is

defined in the form [17]
Qn(p)=cl;(onplc)+cK;(anplc), pel0], (28)

here , @=./ft C3 and C, are arbitrary constants, K, (X)is a Macdonald function

of order | [17]
It follows from (28) that solutions of equation (24), satisfying condition (25), exist

[1 >(0at and they are defined by equations

Qn(p)=cslz(omplc), @=0, meN. (29)
Now, let us study the problem {(26),(27)}. The general solution of equation (26) is
S (@) =c5cos(ap)+cgsin(ag), (30)

where . Cgand Cgare arbitrary constants.

Satisfying function (30) with condition (27), we obtain Cg =k3(c?))05 , where
k3(03) =—Ctg ((7)7[/2). Substituting Cg = k3(a~))C5 into (30) and assuming Cz =1 (this

does not violate generality), we have

S(¢) = cos(@p)—cty(az/2)sin(op). (31)
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Based on (23), (29) and (31), we conclude that the continuous and nontrivial in

ZO solution of the problem {(21),(22)}, have the form
W (X, Y) =cslg (omp/c)| cos(@g)—ctg (ox/2)sin(@g)]. c;=0,meN (32)
Hence, by direct calculation, we find

T (X) = Iimow (x,y)=c3lz(opnx/c), xe[0,1];
y—+
(33)

v (x)= lim 2w (x,y) = —csicty (@) 2)x M, (opx/c), x & (0,1)

y—>+0 0y
Then ,based on U (X, Y, Z) = W(X, y)Z (Z) and the notation introduced, the
following equations follow from the conditions and U (X, Y, Z) eC (ﬁ) and (6):

Tm (X)zr,;(x), X 6[0,1],
Vi (X)=v (%), x€(0,2).

Substituting (20) and (33) into (34) and assuming @ =@ , we have a homogeneous

(34)

system of equations with respect toC; and Cj:

2¢c, +ctg %03 =0,

(35)
2¢c, —c3 =0.

From system (35), we find ctg —— =-1. Writing out the solutions of this equation
and taking into account the condition @ >0 we find

@, =2n-1/2, neN. (36)

Based on (36), the numbers 1, = a)r?, NeN are the eigenvalues of problems {(15),

lim Y (7){<+o} and {(26),(27)}.

17—+

Note that at @=@, the function S(¢), defined by the equality (31), will be

written in the form

S, (¢):\/§Sin{(2n—i)gp+£}. (37)
2 4
In [19], it was proved that the system of eigenfunctions (37) forms a basis in the
space L, (0, 7Z/2) .
Taking into account the above proven and equality (19), (32), w =0 =0w,, we

conclude that the functions
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c3x/§sinK2n —%j(0+%:| I2 1 (omplc), (X, y) € Ay,
n_i
2

w12
(L] Fln-tnslonsll), 1[%5),(&”651,
- 4747 2 )

Wom (X’ y) =

are continuous and nontrivial in A solving of the problem {(7),(8)}.

Then, the functions
U (X, ¥,2) =W (X, Y)Z(2), nmeN, (39)
where Z, (Z) and W, (X, y) are the functions defined by equalities (10) and (38)

are continuous and nontrivial in €2 solutions of equation (1) satisfying conditions (4)-(5).

3. Singularity of the solution of the problem T

Let U (X Y,z ) = (p o, )— solve the problem T in the domain )jand satisfy the
condition

V,(0.0,2)=wV (p,0,2), (40)

where p,@,Z — are the cylindrical coordinates, realted to Cartesian coordinates by

the equations , p = \/XZ + y2 Q= arctg(y/x) Z=1.

In these coordinates, equations (1) and condition (3) are written in the form

1 1 2 -
Vo + 5V, + =V, 4V, + 5V, =0, (p,0,2) € O (41)

p p z
V(Lo2)=f(p.2). 9e[0,7/2], ze[0,c] . 12)
where flz{(p,gp,z):pe(o,l),(06(0,7[/2), Ze(O,C)}

f(p,z)=F(cospsing,z).
Using V(p,¢,2) and eigenfunctions (10), (37), let us compose the following

function:
crl?2

Som(p)=d J I (0,0,2)Sy(9)27 2, (2)d@dz, nmeN, (43)

Where dm - 2/ C\]3/2_7/ (Gm )]2 .

Based on (43), we introduce the functions

C—&yml2-g

8182 _ j J ,0 0,7 (¢)2272m (Z)d(DdZ, (44)
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where & and &, are sufficiently small positive numbers.

Obviously, I|m é/glgz (p) =Com (p) .

2
From (44), we find 8— + ii 8566 (p):
op pop

82 18 . C—g 7wl2-&y 82 10
( L2 ] 122 ( ):dmj J‘ [ + = ]V(p(p, )Sn(9)2% 2, (2)d@dz

dp pop op pop

&2

Taking into account equations (41), from the latter we have

82 10 d C—&y| nl2-g )
+ S (p)=—-"2 p)de 2772 dz -
ol e AN (2

71'/2—«91 C—&y

~d, [ | (vzz+2yvj 277, (2)dz |S, (¢)do.

& €2
Applying the rule integration by parts from the last one, we obtain
2 10)., d C‘gz{ p=112-¢
—+—— |2 (p)=—-T V, S, (¢)-VS/ (¢ ‘ —
(6p pép] (”) p’ e[ {[ e nl )J}qﬁq

7l 2—81

~ty | V(p92)S, (o) 27 Z; (2)d2 -

1

zl 2—51

4 1 200 Vi 2za 01

51

L=C—&y

=&y

C—&

(omlc) [ V(p92)2¥Z,(2)dzS,(p)do. (45)

€2
Hence, passing to the limit at , & -0 &, > 0 and considering (2), (4), (5), (27),

(40) and boundary conditions of the problems (9), as well as the notation (43), we obtain
the equality

nm (,0)

Hence ,the function &, (p) satisfies the differential equation (24) at . 1=y, .

4,B+1é,nm( ) [/'Lm_%]é’nm(p):(),pe(o,l).

Moreover ,due to the boundary conditions (3), it follows from (43) that the function

satisfies the following boundary conditions:
nm \ P g y

Com (1) = o> (46)
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where
zl2

=d,, I f( (9)2%7Z,, (2)dgaz. (47)
0

O O

Consequently, the function gnm (p), defined by equality (43), satisfies equation
(24) at =g, and conditions (25), (46). Therefore,by subjecting the general solution

(28) of equation (24) to these conditions, we find the coefficients C; and C,
C3 = fam /1, (om/C). €4 =0.
Substituting these values in (28), we unambiguously find the function &, ( ,0)

cfnm(p):Iwn(amplc)fnm/lwn(amlc). (48)

Now we can prove the following theorem.
Theorem 1: If there exists a solution to the problem T when condition (40) is
satisfied, then it is singular.

Proof. For this, purpose it suffices to prove that the homogeneous problem T, has
only a trivial solution. Let f (QD, Z) =0 .Then f,, =0 forall nme N. By virtue of this

cml2
equality, it follows from (48) and (43) that I J. Vv (p,¢, Z)Sn (@)Zzyzm (Z)d(de =0
00

Hence, by virtue of the complenteness of the system of functions (10) with weight 7% in

_ 7l2
the space LZ(O,C) andV(p,(D,Z)EC(Q) it follows that, I V(p o, ) ( )d(p 0
0

Nne N. Given the completeness of the system of functions (37) in the space L, (0,72'/2)
and V (p, o, Z) eC (Q) , it follows from the last equality that V (p, Q, Z) =0in Q.
Using this equality and U (X y,Z ) (p o, ), it is easy to see that
U(x,+0,2)=0, U,(x,0,2)=0, x€[0,1], z€[0,c].
Then, by virtue of U (X, Y, Z) eC (5), the following equations are true
U(x,-0,2)=0, U,(x,-0,2)=0, x<[0,1], z<[0,c]. (49)
It follows from the results of [20] that the solution of Eq .

2
Uy —Uyy +U,, +2%u, =0, (x,y,2) ey
Z

satisfying conditions (49) is identically zero, i.e., U (X, y,z) =0, (X, y,z) IS Ql .

Theorem 1 is proved.

4. Construction and justification of the solution of the problem T
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Substituting the values C3 = fnm“a)n (Gm/C) to equality (38), and then the

obtained function in (39), we find partial solutions of the problem T in the form of

Ui (XY,2), (X,¥,2)€Qy, n,meN,

Um(X Yy, z)= _

(xy.2) U (X, ¥:2), (%y,2) ey, nmeN,

where

Ui (%9:2) = Zon () (£)80 (), (x,¥,2) . 50)
Ui (X, Y,2)=2"Z (2) Xom (E)Ya (7). (X,y,2) €y, (51)

Xnm (5) = I2n—1/2 (Gmf/C) fnm / I2n—1/2 (O-m /C)’ ¢= \/XZ - y2 ’ (52)

Yo (n)=(Un) "M F(n-1/4n+1/42n+121/5), n=x1E2,  (53)

and, Z;,(2) S, (@) fam and ¢ (o) are determined by the equations (10), (37),
(47) and (48) respectively.

Theorem 2. If f(¢,2) satisfies the following conditions:

L f(p.2)e C;ji’ (I:I), where 1= {((0, Z) pe(0,7/2),2¢ (O,C)};

j j —

2 f(p2) =0.f(pz)| =0j=03:
O¢ =0 op p=r12
o o] _
111. aZ_J f ((0, Z)|Z:O = 0, aZ_J f ((0, Z)|Z=C =0 J :0,4

Then the solution of the problem T exists and is determined by the formula
Z Z UrJlrm (X, Y Z), (X’ Y, Z) € ﬁo,

U(xy,z)=4"""" (54)

> > U (xy,2), (xy,2)eQy,

Ln=1m=1

where , U;m (X, Y, Z) Umm (X, Y, Z) are functions defined by formulas (50) and (51).

Before proceeding to the proof of this theorem, let us prove some lemmas.

Lemma 1. If ¥ €(0,1/2) , then the following estimates are valid with respect to

the functions Z, (Z) , defined by equations (10), at Z € [0, C] and sufficiently large m:

Zy (2)| < c52% (o) %77, (55)
2?77 (z)‘ <cg(o, )2 (56)
B 152 (2) <62 (0)°'% 7. (57)
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2
8_2 + 29 + 12 —Bessel operator
oy y

where Cj, j =b5,7— are positive constants, Bg =

[21].

Proof: Let us rewrite the function Zm (Z) in the from
y=1/2
Zm(Z): (20) 1-2y
F(3/2 - ;/)

where jv (Z) —is the Bessel-Clifford function [22]:
@)= rarzy (- 50
J(z)=T(v+1)(z/2) J, (Z2)=) —F—.
v +1)j j!

The function jV(Z) is even and infinitely differentiable. Moreover,the equality

(on) 27 35, (omzlc). (58)

J (O)Zl the inequality |J_V(Z)|Sl at v>-1/2 are valid.Considering this and

14

1/2—a >0, from equality (58), we get an estimate (55).

o)
Now, consider the function Zzer'n (Z) = Tmzll2+7\]_1/2_7/ (omz/c). Let us rewrite

this function in the form

il 2=y ¢1/2
272 (2)=(onlc) =T &I 40, (8), (59)
where & =0,z/C. The function §1/2+7/J_1/2_7, (f) is bounded at the point £=0

and continuous at & €[0,40). Moreover, by virtue of the asymptotic formula of the

Bessel function:

2 L2 VT T
Jv(f)z[—éJ COS(SZ—?_Z]’ (60)

for sufficiently large &, the estimate ‘fller}/J_l/z_}, (f)‘<§7/66, where

Cg =const >0 is valid. Considering these properties of the function 51/2+}/J_1/2_}/ (§) ,

it follows from (60) that for sufficiently large &  the inequality
P - 12—y - 1/2 1/2

2775 (2) <€ (o /) =" & =C (o) )

2" <cq (Gm , 1.e., the estimate (56)

is valid.

2
It is known that the function Z, (Z) satisfies equation from (9) at A4, = (Gm /C) .

2
It follows that B} 1/,Z(2)=—(0y/C)" Z,(2). Then, by virtue of evaluation (55),

evaluation (57) is valid. Lemma 1 is proven.
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