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ARALAS TUWINDILI TURAQLI KOEFFICIENTLI EKI OLSHEMLI SPEKTRALLIQ
MASELENIN DISKRET MENSHIKLI MANISIN EKI TAREPLEME BAHALAW

J.P.Allanazarov
NMPI dotcenti

AHHoTauma: Jumista aralas tuwindili ekinshi tdrtipli turaqli koefficientli
elliptikaliq tenilemesi ushin spektralliq mdsele tuwrt muyeshli oblastta qaralgan. Bul
mdsele ushin 6z-6zine tuyinles hdm on aniglangan operatorl shekli ayirmali sxema
duzilgen hdm diskret mdselenin menshikli mdnisleri ushin eki tdrepleme bahalar
ddlillengen.

Giltlik sozler: menshikli mdnis, spektralliq mdsele, shekli ayirmali sxema,
tuwtimuyeshlik, 6z-6zine tilyinles operator.

Ishda aralash hosilali doimiy koeffitsiyentli ikkinchi darajali elliptik tenglama
uchun spektral muammo to'q'ri burchakli hududda qaralgan. Vazifa uchun o'z-o'zidan
bog'langan va ijobiy aniqlangan operatorli chekli ayirmali sxemasi tuzilgan va diskret
vazifaning o 'ziga xos qiymati uchun ikki tomonlama baholar isbotlangan.

Kalit so'zlar: xususiy gqiymatlar, spektral muammo, chekli ayirmali sxema,
to'rtburchak, o'z-o'zidan bog'langan operator

B pabome paccmompeHo cnekmpaJ/ibHas 3adava 015 3AAUNMuYecko20 ypagHeHus1
8Mopo20 NopsAIdKa €O CMeWaHHOU NPpoU3800HOU U € NOCMOSIHHbIMU KO3 PuyueHmamu 8
npsimMoy2oabHol  obaacmu. /Jlas  3adavyu  nocmpoeHa  pa3HOCMHas — cxema C
CaMOCONPSIHCEHHbIM U  NOJA0KUMEAbHO 0NpedeseHHbIM 0nepamopom U 048
co6cmeeHHOoU 3HaYeHUU JUCKpemHol 3ada4yu d0Ka3aHbl 08YCMOpPOHHUE OYEHKLU.

KiroueBsble c10Ba: co6cmeeHHble 3HaYeHUs, CneKmpa/ibHas 3a0a4da, pasHoOCmMHas
cxema, NPsIMOY20/1bHUK, CAMOCONPAXCEHHbIU onepamop

The paper considers a spectral problem for a second-order elliptic equation with a
mixed derivative and constant coefficients in a rectangular region. A difference scheme
with a self-adjoint and positive definite operator is constructed for the problem, and two-
sided estimates are proved for the eigenvalue of a discrete problem.

Keywords: eigenvalues, spectral problem, difference scheme, rectangle, self-adjoint
operator.

Jumista aralas tuwindili ekinshi tartipli turagh koefficientli elliptikaliq tenlemesi
ushin spektralliq masele tuwri muyeshli oblastta qaralgan. Bul masele ushin 6z-6zine
tuyinles ham on aniglangan operatorh shekli ayirmali sxema duzilgen ham diskret
maselenin menshikli manisleri dshin eki tarepleme bahalar dalillengen.
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[limnin ham texnikanin koplegen mameleleri, misal, terbelis ham orniqlihiqqa
baylanisli maseleleri modellestiriw basqishinda elliptikaliq tiptegi operator ushin
spektralliq maselelerdi sheshiw zarurligine alip keledi. Ekinshi tartipli elliptikaliq
operatorlar ushin menshikli manis maselesine baylanish torlar metodinin dalligi [1-5]
jumislarda izertlendi. [1] jumisinda Kkesindili-analitikaliq shegarali oblastinda
koefficienti analatikaliq boliw1 esapqa alinip 6z-6zine tuyinles ekinshi tartipli
elliptikaliq operatordin m.m. nin Lz kenisliginde O(h) jiynaqliliq bahasi alingan. [2,5]

jumisinda Laplas operator1 bes tochkali shekli ayirmali operator

menen -

approksimaciyalanadi. Sonda shegarasi shekli sandagi kesindili-analitikaliq tuyiq
iymekliktin ishki muyeshi m den ulken bolmagan oblastlar ushin m.m. nin L:
kenisliginde O(h?) jiynaqliliq bahas1 alingan. Al egerde oblast dunki bolsa, onda
m.m.ushin mina 0<A,<0(h?) eki tarepli bahasi orinlangan. Ten 6lshemli metrikada,
egerde oblasttin ishki muyeshleri /2 den dlken bolmaganda m.f. min gateligi ushin

O(h2Inh) bahas1 alingan.

Qaralip atirgan jumista ekinshi tartipli elliptikaliq tenlemesi ushin menshikli
manis maselesine joqgar1 tartipli diskretlik masele garalip, onin menshikli manisi

(m.m.) ushin eki tarepli bahalar ornatildi.

1.1.  Maselenin qoyiliwi. Meyli m.m. ham m.f. tabiwga arnalgan tomendegi

tenlemeni qanaatlandiratugin maseleni qarastirayiq:
jf[au Jv N du Jv N (au v N du av)]dﬂ_
dx, 0x; 0x,0x, ¢ dx,0x, 0x,0x B
0

0
=1 [[, uvdQ, xaneren veW, (), |a| < 1,xen, (1.1)
u|r=0, (1.2)

0
bunda Q-shegarasi I' bolgan {0<xi<l;, i=1,2} tuwrimuyeshlik, W, () -Sobolev

kenisligi.
Bul masele témendegi variaciyalig maselesine ekvivalent boladi:

0
ueW; () funkciyasin tabiw kerek, mina tomendegi kvadratliq formulasi
i 242 4 (2)* 5 20 2

D[u] _ff-o [(axl) + (6x2) Za 6x1 6x2] de

mina tdmendegi shartinde

Hlul=/f, u2dQ=1, u|r=0

en kishi manisine iye bolsin.

Bul minimum en kishi m.m. ti aniglaydi

A1=minD[u]=DJui]

ham birinshi m.f. da erisiledi.

sonday

Manisi boyinsha ekinshi m.m. hdm ogan saykes keliwshi m.f. dal usinday (A1, u1)

dey mina qosimsha ortogonalliq shartin
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ganaatlandirganda aniqlanadi.

1.2. Diskretlik masele.

Meyli tuwrimuyeshliktin tarepleri /i 6z-ara saykeslestirilgen bolsin. Tuyiq 2
oblastinda mina tuyinlerden ibarat x=(x1,xz2), xs= ish, is= 0,1,2,..., Ns, h=1/Ns, s=1,2 tuwr1
muyeshli torlardi kirgizemiz.

[shki tuyinlerdin képligin w={x, is==1,2,...,Ns-1}. Shegaraliq tuyinlerdi

y =y£1)Uy_(1)Uy£2)Uy£2), bunda yfs)z{x, is= N5 i,=1,2,..,N,-1}, y©={x, i=0,
i,=1,2,.., N, } belgileymiz.

Berilgen (1.1),(1.2) maselenin diskretlik analogi sipatinda mina témendegi
maseleni qarastiramiz:

A"y +aBry+h?2 BBy + Ay =0,  xew (1.3)
y=0, Xey (1.4)
bunda

Ay=yere, + Yry BIY = Vaw, Y Vmxy  BEY = Vipeymae

p=(1+3a+2a2)/6.

w tormnin tdyinlerinde berilgen ham y shegaliq tuiyinlerinde nolge aylanatugin
torliq funkciyalardin Y Kkenisligin kirgizemiz. (1.1) maselesine saykes keliwshi
variacialiq maselenin kvadratliq funkcionali tomendegi turge iye boladi:

D"y=(yip D)3 + 2 D4 +2a(ys, ¥ig)1 - h2B(Vegy, D1,
bunda (,)i= B4 %Y, L ()s= T4 EV L ()e=X TR,
Variacialiq maselenin kavadrathq funkcionali m.m. ham m.f. m1 bilayinsha

aniglaydi: torhq funkciyanin Y klassinda D"y funkcionalinin

N N
th= = i=11 ji1yi2,j =1 (15)

shartin qanaatlandirgandagi minimumi en kishi m.m. ti beredi, yagniy

/1}11 = minxew Dhy = DhYl

ham (1.3),(1.4) maselesinin y1 m.f. sinda amelge asadi.

1.2. Menshikli manis (m.m.) ushin eki tarepleme baha

(1.3),(1.4) maselesinin m.m. ushin eki tarepleme bahasin aliw ushin mina
tomendegi tastiyqlawdi dalilleymiz.

Tastiyqlaw 1. y€ Y torliq funkciyasi ushin mina tensizligi orinlh

4h2DJ Y] < (h?, y2iz)1<2D4 ] (1.6)

bunda

Dy[y] = (L, y% + y&).

Dalilleniwi. M.m.ushin jardemshi maseleni qarastiramiz:

Virxsn, YVA"Y =0, XEW (1.7)
y=0, XEY,
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bunda v =const.

(1.7) maselesinin m.m.leri mina turge iye boladi
_ Vk1Vkp
ko~ )
2 vk1+vk2

bunda
sin 6 nkgh

Vi, = (ks e )2, 0, = - ks=1,2,..,N-1, s=1,2 -bir Olshemli témendegi

Vk1

maselenin m.m.
Yexst VY =0, =1,2,..,Ns-1,
Yyo=yn =0, s=1,2.
v m.m. mina témendegi funkcionaldi minimizaciyalaw arqali tabilatuginligtan
()’31—;@ 11
Ozt Y50 I

onda, minalardi esapqa alip

. m? (sin 85)? 2 2

minvy, x, == . Maxvy, , =, €0S 0

sin@ 0 , PR TR

> —  boladi ham (1.6) tefsizliginin orinh
s

0 < m/4 bolganda cosf<1,

ekenligine isenim payda etemiz.

Tastiyqlaw 2. ye Y torliq funkciyasi ushin tomendegi qos tensizligi orinli

c1(@)D¢[y]< D" [yI< cp(a)Dg [y] (1.8)

bunda

6 (@) =1 1+ |a|l —4h?B,8 >0, (la] <0.5),

N1 al =28, <0, (lal > 0.5),
_ 1— |a|—-28,8>0,

al@=0 1 g —an2g, p<o,

Dalilleniwi. Berilgen maselenin elliptivlik shartinen (|a| < 1) mina tensizlikke iye
bolamiz

(1-lal) DS IYIS( vz + ¥z +2ay5z 121 (1 + |a]) DS [y]. (1.9)

(1.6) ham (1.9) tensizliklerin biriktirip (1.8) tenisizligine iye bolamiz.
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