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Abstract: In this work a unique solvability of a boundary problem with general 

integral gluing condition for mixed equation involving the Riemann-Liouville fractional 

derivative has been proved. 
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tenglamani   0 1 2 0 0AA BB      aralash sohada tadqiq qilamiz. 

Bu yerda  ,f x y -berilgan funksiya, 0 yUD  esa    kasr tartibli  Riman-Liuvill 

integro-differensial operatori bo‘lib, u 0 1   uchun quydagicha aniqlangan  1   : 
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(1) tenglama uchun    sohada 

 

 
quydagi masalani tadqiq etamiz: 
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1-Masala.  (1) tenglamaning     sohada 
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yechimi topilsin: 
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Bu yerda     ,y y  -berilgan funksiyalar,  1 2,I I  lar esa hozircha ixtiyoriy 

integral operatorlar. 

Bunday tipdagi masalalar  1 2I va I  integral operatorlarning  maxsus ko‘rinishida 

2    da  ( 1   holda) hamda 0 1    uchun    3    tadqiq etilgan. 
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ni olamiz. 
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ifodalarni hosil qilamiz. (15) ni (8) ga qo‘yamiz: 
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Agar 1I  va 2I  integral operatorlarni quyidagi ko‘rinishda olsak: 
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(17) va (18) larni Volterra integral tenglamalar sistemasiga keltirsak bo‘ladi: 



O‘ZBEKISTONDA FANLARARO INNOVATSIYALAR  VA 
           19-SON              ILMIY TADQIQOTLAR JURNALI                       20.05.2023 

 

   

1

2

2 1

0

0 1
0

2

2 1

0 0

1
,

2

( ) (0, ;1, )

1
( , ) ( ) ( ) ( , )

2

y

z

f

y G y d

z
K z dz z f z d






      

  

     











  
           

   
   

  
        
    





 

 

   

1

2

1 0

0

1
0

2

1 0

0 0

1
( ,

2

(0, ;0, )

1
( , ) ( ) ( ) ( , )

2

y

z

f

G y d

z
K z dz z f z d






      

 

     









  
           

   
   
  
        
    





 

 

1

0 0

( , ) (0, ; , ) ,

y

f G y d d                                                                                    (20) 

   

1

2

2 1

0

1 1
0

2

2 1

0 0

1
,

2

( ) (1, ;1, )

1
( , ) ( ) ( ) ( , )

2

y

z

f d

y G y d

z
K z dz z f z d






       

  

     











  
           

   
   

  
        
    





 

 

   

1

2

1 0

0

1
0

2

1 0

0 0

1
,

2

(1, ;0, )

1
( , ) ( ) ( ) ( , )

2

y

z

f d

G y d

z
K z dz z f z d






       

 

     









  
           

   
   

  
        
    





 

 

1

0 0

( , ) (1, ; , ) .

y

f G y d d                                                                                     (21) 

Endi (20) ni soddalashtiramiz: 

     0 2 2 1

0 0

1
( ) 0, ;1, 0, ;1,

2

y y

y G y d G y d


               
 

   



O‘ZBEKISTONDA FANLARARO INNOVATSIYALAR  VA 
           19-SON              ILMIY TADQIQOTLAR JURNALI                       20.05.2023 

 

       

1

2

2 2

0 0 0 0

1
0, ;1, , 0, ;1, ,

2

y y
z

G y f d d G y K z dz d





          

 
    

      
   

 

   

 

 

1

2

2 1 2

0 0 0 0 0

(0, ;1, )( ( , ) ( ) ) (0, ;1, ) ( , ) ,

z

y y

G y K z z dz d G y K z f z d dz d

 

         





  
       

  
  

    

 

     1 1 0

0 0

1
0, ;0, 0, ;0,

2

y y

G y d G y d


             
 

   

   

1

2

1 1

0 0 0 0

1
0, ;0, , (0, ;0, )( ( , ) )

2

y y
z

G y f d d G y K z dz d





          

 
   

     
  

 

   

1

2

1 0 1

0 0 0 0 0

(0, ;0, )( ( , ) ( ) ) (0, ;0, )( ( , )( ( , ) ) )

z

y y

G y K z z dz d G y K z f z d dz d
 

         



         

1

0 0

( , ) (0, ; , ) .

y

f G y d d                                                                                   (22) 

(22) da 1( , )K y z%   va ( )F y% belgilashlar kiritsak u quyidagi ko‘rinishga keladi: 

       0 1 0 1 0

0 0 0

0, ;0, (0, ;0, )( ( , ) ( ) )

y y

y G y d G y K z z dz d F y



                 %  

         0 1 0 0 1

0 0

0, ;0, ( ) ,

y y

y G y d z K z dz F y              %  

yoki 

         0 0 1 1

0

0, ;0, , ,

y

y G y K y d F y             % %                                      (23) 

bu yerda 

1 1( , ) (0, ;0, ) ( , ) ,

y

z

K y z G y K z d   %

 

     2 2 1

0 0

1
( ) 0, ;1, 0, ;1,

2

y y

F y G y d G y d


             
 

 %

       

1

2

2 2

0 0 0 0

1
0, ;1, , 0, ;1, ,

2

y y
z

G y f d d G y K z dz d





          

 
    

      
   

 

     



O‘ZBEKISTONDA FANLARARO INNOVATSIYALAR  VA 
           19-SON              ILMIY TADQIQOTLAR JURNALI                       20.05.2023 

 

 

1

2

2 1 2

0 0 0 0 0

(0, ;1, )( ( , ) ( ) ) (0, ;1, ) ( , ) ,

z

y y

G y K z z dz d G y K z f z d dz d

 

         





  
       

  
  

    

     

1

2

1 1

0 0 0

1
0, ;0, 0, ;0, ,

2

y y

G y d G y f d d




          

 
   

      
   

 

  

1

2

1 1

0 0 0 0 0

1

0 0

1
(0, ;0, )( ( , ) ) (0, ;0, )( ( , )( ( , ) ) )

2

( , ) (0, ; , ) .

z

y y

y

z
G y K z dz d G y K z f z d dz d

f G y d d
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Riman-Liuvill integrali ko‘rinishdan foydalansak, 
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3-lemma. Agar 
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Bu lemmaning isboti 1-lemmaning isbotiga o‘xshash bo‘lib, 
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tasdiqdan foydalaniladi. 

Bunda ham 
1 1

,
3 2


 

 
 

 bo‘lishi talab etiladi. 

Demak,  1 y   funksiyani vaqtincha ma’lum desak, (32) ni 2-tur Volterra integral 

tenglamasi sifatida qarab, uning yechimini rezolventa orqali yozib olish mumkin: 

Bu yechimni (21) ga olib borib qo‘yilganda  1 y   ga nisbatan yana bir 2-tur 

Volterra integral tenglamasini olamiz. 

Berilganlarga ma’lum shartlar asosida bu integral tenglamaning yechimi ham 

rezolventa orqali yoziladi. (15) munosabatlardan va (5), (6) ulash shartlari asosida 

   0 1,y y    funksiyalar topiladi. Undan so‘ng 0  sohada yechim (8) formula, 1  

sohada (10), 2  sohada esa (11) formulalar bilan tiklanadi. 

Masala ekvivalaent tarzda 2-tur Volterra integral tenglamalar sistemasiga 

keltirilganligi tufayli, masala yechimi yagona bo‘ladi. 

Demak, quyidagi tasdiq o‘rinli: 

Teorema. Agar 
2

,1
3


 

 
 

,    1 2, 0,1 0,1C C   I ,      1,f x y C  I , 

1 2I va I  integral operatorlar (19) ko‘rinishda berilgan bo‘lsa va 1 20, 0    

bo‘lganda 1-masalaning yechimi mavjud va yagona bo‘ladi. 
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