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TENGLAMA UCHUN INTEGRAL ULASH SHARTLI CHEGARAVIY MASALA
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U, (X,¥)=DsU (X, Y),
(% y)=U, (%),
tenglamani Q=0 U UQ, UAA UBB, aralash sohada tadqiq gilamiz.
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Annotatsiya: Ushbu ishda Riman-Liuvill kasr tartibli hosila ishtrok etgan aralash ;
tenglama uchun aralash sohada umumiy integral shartli chegaraviy masalaning bir
qiymatli yechilishi tadqiq qilinadi.

Kalit so‘zlar: Aralash tenglama, kasr tartibli hosila, integral ulash sharti.

BOUNDARY PROBLEM WITH INTEGRAL GLUING CONDITION FOR PARABOLIC-
HYPERBOLIC TYPE EQUATION WITH PARALLEL LINE OF TYPE-CHANGING

F.Boymirzaev
Abstract: In this work a unique solvability of a boundary problem with general
integral gluing condition for mixed equation involving the Riemann-Liouville fractional

derivative has been proved.
Keywords: Mixed equation, fractional derivative, integral gluing condition.
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(x,y)e€) (i=12)

Bu yerda f(X, y) -berilgan funksiya, Dgyu esa « kasr tartibli Riman-Liuvill

integro-differensial operatori bo‘lib, u 0 <& <1 uchun quydagicha aniglangan [1] :

Ds,a(t)=

[(t=2)"g(z)dz

I'(l-a)adt
(1) tenglama uchun € sohada
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quydagi masalani tadqiq etamiz:
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1-Masala. (1) tenglamaning €2 sohada
U(xY)eC(Q)NACHQ)NC* (), U, eC()

funksiyalar sinfiga tegishli quyidagi shartlarni qanoatlantiradigan regulyar
yechimi topilsin:

U(x,0)=0, 0<x<1, (2)
Ul,. =(Y), %Syﬁl (3)
Ul =p(y),  5<y<l @

U (0+y)=LUMXY) ) U, (0+y)=U,(0-y), O<y<l (5)
U (1-0y)=1U,(xY)_,) U, [@-0y)=U, (1+0y), O<y<l (6)
Bu yerda qo(y), V/(y)-berilgan funksiyalar, I, |, lar esa hozircha ixtiyoriy

integral operatorlar.
Bunday tipdagi masalalar |, va |, integral operatorlarning maxsus ko‘rinishida

[2] da (a=1holda) hamda O<a <1 uchun [3] tadqiq etilgan.
(1) tenglamaning €2, sohada (2) va
U, (0+y)=v5 (y), U,(1-0,y)=v; (y), O<y<l1 (7)
shartlarni qanoatlantiruvchi yechimi quydagicha yoziladi [4] :

U(x, y)=fv{(n)G(x, y;l,n)dn—fva (7)G (%, y:0,7)d7 —

0

il (8)
[t (&m)G(xy:&m)dedn,
bu yerda

; (y-n)"" ¥ 1ﬁ[ |X_‘f+2n|} 15[ |X+¢f+2n|}
G X’y!§’ = g S e _ATte Al ,
( 77) 2 n;o el,ﬂ (y_ﬂ)ﬂ el,/} (y—q)ﬂ
9)
eiyg(z):nzz(;nlf(;—ﬂn) — Rayt tipidagi funksiya [4], ﬂ:%

(1) tenglama uchun Q, va Q, sohalardagi Koshi masalasi yechimini Dalamber

formulasi orqali yozib olamiz [5] :

U(xy)=slz — a1 T (en)ded
(x,y)—E{ro(y+x)+ro(y—X)+ [ v () +(j) x—)fl+77 (&m)dg 77},
(x,y)e®y (10)
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U(xy)=%{q(y—x+1)+q(y+x—1)+Itfﬁ)m+4.If(fﬂﬁdgdn}

y+x-1 0 1-x-y+n

(x,y)eQ, (11)
Buyerda U(-0,y)=7,(y) .,  U{+0,y)=7(y),
(10) ni (3) ga qo‘yamiz:

U(y-1y)=g(y) :%{rg(y+ y-1)+7,(y-y+1)+ y+J¥1vo‘ (t)dt +.y[ yl]yﬂ f (5,77)d§d77},

y-y+1 0 y-1-y+n

N -

<y<l1.

2y-n-1

q)( y) :%{ro (2y —1) +17, (1) N 2]:_11/5 (t)dt +_I

yoki (2) ni hisobga olsak 7, (1) =0 va y bo‘yicha bir marta differensiallab y ni |

f(cf,ﬂ)dcfdﬂ},

n-1

>
y+1 ga almashtirib X
y+
, y+1 _! _
dIY=a MW+ [ o -nmin,  0<y<i 12
0
ni olamiz.

Xuddi shuningdek, (11) ni (4) ga qo'yib, yuqoridagidek amallarni bajarganda
quyidagini olamiz:
y+H
2

1 '
v =5 Wy )+ [ fy—nadn, 0<y<l. (13)

0
(5) va (6) ulash shartlarini quydagicha yozib olish mumkin:

vo (V) =104 (¥), vi (¥) =101 (¥), 0<y<y, (14)
(12), (13) ni hisobga olsak, (14) dan

y+

W=t -5 0~ [ ty-nmn |

0

+1

<

1 '
V=L o)1 0= [ f(y-nmdn (15)

O'—J\)‘

ifodalarni hosil qilamiz. (15) ni (8) ga qo‘yamiz:

i
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00 =[1: w2 Y "0 [ 1-nmdn BoxyiLdn -

y+1

-[1.| o ) 5 (v)= | f(y—nn)dn G y;0,7)dn - (16)

‘ﬁf(én)G(x, y;&,m)dédn

(16) da X—>0+ va X—1-0 holatlarda limitlarga o‘tamiz:

n+l

()= IG®y1nN2w( Y- | - c.ods -

0

+1

=

f(7-¢,8)dg dn - (17)

o'—.w‘

—jG(o, y;0,7)1, qo'(nTJrl)—To_'(n)—

—ﬁ f(&,7)G(0,y;&,mdédy,

+1

=

()= jeaylnnzw( h-r'm)- | fn-ee)de -

o'—.w‘

+1

<=

o'—y\)‘

e y0n ¢ (L0 -5 ()= | 1480 - as)
-[[tEmey:smndsdy.

Agar |, va |, integral operatorlarni quyidagi ko‘rinishda olsak:

1,(9) =9 (7 jmnK(nnm
(19)

1,(9)=,9(n jmnK(nnm

(17) va (18) larni Volterra integral tenglamalar sistemasiga keltirsak bo‘ladi:
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) ro-sal

+TK2(n,z)d{W'(22+1)r;’(z) jz’ f(z §,§)d§]

7, (y)=[G(0.y:Ln)

n+1 _, 7%1
y {al(((p %)_TO (7)- l f(n- 55)}
-[G(0,y;0.n) " dn
- j Kl(n,z)d{co'(zz”) -1, (2)- j‘ f(z &5)0!5]
~[[f&n)GO.y:ém)dédn, (20)

a, [w(";l) -7 (17) —nj?l f(n- §,§)d§]+

7 (v)=[G(LyiLn) 2
+£ K, (7, z)dz[w'(zz”)rf’(z) j‘ f(z §,§)d§]

, 1 o 7%1
| al[co(”; -5 (m)= ] 1(r-£.0)¢ 5}
-|G@y:0.1) : » dr7 -
+[ K, (n,2)dz| (Z—”> % (@)- | f(Zé,é)dsZ]
~[[f(&mGWLy:&mdédn. (21)

Endi (20) ni soddalashtiramiz:

75 () =, [G(0,y:Ln)y (nzljdn asz (0.y;L )7 (m)dn —
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“[e@ym([ k(1.2 )y - 60, y;Ln)[]LKz(n,Z)(j f(2 f,é)dé}dZ}dn =2

Y

, 1 i y
—IG(O, y;0.17) e (%)dn +jG(0, y;0.17)euzy (n)dn +
0

0

¢, ¥ ofn

‘ol v Re)

7+

+Je(o y;o,n)al[ [ 0 f,é)dé}dn joyiomn(k.oa{ 25t e

7\
&
RO T
=4
V.
)

)

W
B

0 0

5 e 9
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ol
A ;g

B LIN , &
C.

: - +[e0, y:O,n)(I K,(7.2)z,'(2)d2)dn + [ G(0, y;0, n)(} K, (1, 2)( j f(2-&adaddn- ,%

e, 2
S [ tEme g mdédn. (22) 2
. : (22) da Wlo(y, Z) va f—o/ey) belgilashlar kiritsak u quyidagi ko‘rinishga keladi: }a(;g:é

ofR

7 (¥) - [G(0,y:0.n) sz, (m)dnn - [ GO, y;0,77)(} K,(7,2)z, (2)dz)dn = P4 y)

- ol
CRI)XRS
C

s

T&(y)—fG(O, y:0,) a7y’ (ﬂ)dn—ffa'(Z)Kl(mZ)dhf-°/€y) g}%‘%{

0 0 [ <

y0k1 y %&’%

7o (V)= [ 7' ()] @G (0, y:0,7) + RE(y.m) [drp = Py, (23) .%3‘%%3

X, ° % u yerda Xad y:
Gy % bu yerd ;ép’bqg

R(y,2) = [ G(0,;0,mK, (,2)d7,

D R [
&,

Py) =[G (o, y;l,n)azw’(%ljdn - [6(0yiLn)a,r (n)dn -

.ng-\
Nl

Q4 Y
N 7

o
P

0

;“ ;@5 ‘TG(O’ ViLn)e; {Ja f (ﬂ—éif)dé}miG(O, y;l,n)[f Kz(U,Z)V/'(ZTdez}in _

D
?g?éﬂ Y7
3

e,
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C 0% -[[renso yiendzn.

@s)

0

6.y K22 @iy - [ y;m)[f&(n,z)[i f(Ze‘,f)de“}dZ}

7+

' —TG(O,y;o,n)alfﬂ'(nTﬂjd”+IG(O1yi0’f7)% [ f(n-c.£)dc -

0 0

Y,

-Jeoyon(rm.ae( 252 jaan+ [eovon(kma | 1e-5ai0m-

0 0

° (23) ni (9) dan foydalanib quyidagicha yozib olamiz:

) % (2) 2o [ () (y-2 e =20 Z-
o(y) F(ﬂ)'([(y—z)l_ﬂd 1,([ 0 ( )R%;O(y ) el,ﬂ[(y_z)ﬁ]d
- e (2(y.2)dz = BRy) (24)

yoki

B Y, ., +o0 % (y_z)ﬁ
1% o' (2) 1 TO(y)—CZIITO (2))] o dz —
(e A R

Je (2)R(y,2)dz - 4y)

0

Riman-Liuvill integrali ko‘rinishdan foydalansak,

157 (v)=")) (26)
hosil bo‘ladi. (26) ning har ikki tomoniga | Doﬂy operatorni ta’sir ettiramiz:

04 (147 (¥))- chy(l%y))- (27)

(28) ning o'ng tomonini hisoblab olamiz:

Cny(rg(y)):ﬁI(y—z)_ﬂ o (2)dz, (28)
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-2n -2n :
@4 ; Iy o
= (y-2) 1} sdls L& T(s-2)
z dz |= -s) " — 7)) ————~2dz |ds= Eon.
1 ( )nzZaw (y_z)lfﬁ’ F(l—ﬂ)'([(y ) ds _([TO ( )nzzaoo (S_Z)l—ﬂ :

= VS (s-2) 2 e (s-2)

Bu tasdigning isbotini 1-lemmada keltirib o‘tamiz. Endi

ellﬁ( -2n ]
P B (S—Z)ﬁ

— ni hisoblab olamiz:

s (s- z)l_ﬁ

0 RVERY -2n (s 7Y 2 els -2n
=t elﬁ((s—z)ﬂﬁ e ((s—z)ﬁ]

Olingan natijalarni (29) ga qo‘ysak,

n=0

(z>dZI<y—s>"’(s—zfzniefg{(s_—z:)ﬂ ]d

ko‘rinishga keladi.(30) da M (y, Z)belgilash kiritib olamiz:

M (y,z):j(y_s)—ﬁ(s _ Z)ﬂZni;oei,g1£ -2n }S

B
n=0 (S_Z)

M (y, Z) ni soddalashtirishni 2-lemmada ko‘ramiz:

N—"

[EEY
O e <
O(\]|

;T T(-p

n=0

e
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(27) ning o'ng tomonidagi oxirgi ifodani hisoblaymiz:

5 [ (i) |-

0

1ﬂ(:l'_ﬂ)'o. 0
e O'(y—oﬂﬁfo ()0 + (z)a*%;(f%z}dt:

, L, R,
!’ S (2) ~ dz:F(l—,b’)'([T (t)(yftt;ZdtJr
oRA(1,2)
+ 1 yz'_ Z Zy ot =
g DU
_I{V( ) oRO(t,s) |
-1 yr"s 2SS +y ot s.
S o
Demak, ) ] i
(y-2)" M(y2)
y aT(1-7) T(L-p)
s-[w@ %(2.2) yaﬁ/f’a(tt,S) dz.
F-A)| (y-2) A -t

(31) da F(y) va K(y,z) belgilashlar kiritib olsak,

7 ) ) KO =F () 62)
ni olamiz, bu yerda

) ) o
_ Z:irl_ﬂ 1 N Z+1°z,z +y ot
K(v.2) a, T(B) (y-z2) M(y.2) (y-z)’ !(y—t)ﬂ .

> R T T
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_ B 1 5 I'-o/
F(y)___cDOy €Y)
2]
If(y) - uzuluksiz, K(y, Z) - kichik maxsuslikka ega.
1-lemma.
1 1

Agar 3 <p< > va N#0 bo'lsa, u holda

. B-1 -2n . .

Is'fz](z —s) eig((z ~ S)ﬂJzo bo‘ladi.

Isbot

Avvalo

L5 —2n —on [ -2n \(z-sY
el 7 ﬁ' elﬁ' Z _ )ﬂ -2n

£44M2 4 48
tarizda shakl almashtiramiz va
1
26" (z)=e"""" (z
,ﬂ() B () (,U (Z)r(5+ﬂ)
formuladapy=1,a=1, o&=4,8 holda
-2n —2n

L5 0 zﬁ ni olamiz

Agar 34 —-1>0 yoki > 3 desak

1 . .
limze*?(z)=— ni hisobga olib
limzes(2) I(u-a)T(5+ )

"m(z—s)"’ﬁ‘l 20 _oop[ 20 ||__0 1,
s>z (—2”)2 (Z—S)ﬁ # (Z—S)ﬂ (—2[’])2 F(O—l)F(Bﬁ)

ni holis gilamiz. f e [O,%} ekanligini hisobga olsak,demak [ e [
kerak.

2-lemma. N # 0 uchun

OOII—‘
I\JIH

} bo‘lishi
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[(y=5)"(s—2) el —21_lgs=0
) B (Z _ S)'B
tenglik o‘rinli.

Isbot:
k

0 _ N Z
AORDY~ prognis oy
u=la=1 s=p-1 =4

holda quyidagini olamiz:
[ -2 ] ()" (2n)' (s-2)
(s-2)

7 - &r(k+)r(B-1-pk)

formulaga ko'ra

Bu yerda
(y-2z)é+z=s, s—z=(y—-z)¢
y-s=y-(y-2)&+z=(1-¢)(y-2)
(y—z)d&=ds
almashtirish bajarsak,
- <(am)*

M(¥2)=2, (k+(1)12((ﬁ )1

+o0 _1)

T &T(k+1)T ﬂ 1 K)
:+Z°°: 1) (2n) 1
OF k+l (,B 1- ,Bk)(y—z

-B

j.l g) PP (y—z) de=

o g (1-&)7 &7 de

hosil bo‘ladi.
1

B(a,b)= .[xa‘l (1-x)""dx= [(a)r(b) ni hisobga olib,
0

I'(a+b)

a=pf-pk-1 b=1-pda

Endi
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o (-1 (2n) 1 T(B-pk-1r(1-p)
M )= 2 T (=L A) [y 2™ T(p-Pk—Le1-p)
B iC) L D(A-1-prA-p)

ST(k+2)0(B-1-pk) (y —z)"" I'(-pk)
¥ ()’ (2) T2~ B)
ST(k+2)0(=pk)(y-2)"™"

i (_1)k(2n)kr(1_ﬂ) _ 1 1,0( —2n j

Sr(k+0)r(-pk)(y—-2)"™ y-z "\ (y-z)

1 -2n
M y,Z — 1,0
( ) y— Zel,,B y— Z)

7 J ni hosil gilamiz.

3-lemma. Agar f €

Wl —

i 1 -2n
,E} va N#0 bo‘lsa, u holda lim 911?; 7 |= 0.
2 =Yy —17 ' (y — Z)
Bu lemmaning isboti 1-lemmaning isbotiga o‘xshash bo‘lib, Iimz% =0
a—>— a

tasdigdan foydalaniladi.
Bunda ham f e {%,%} bo‘lishi talab etiladi.

Demak, 7; (y) funksiyani vaqtincha ma’lum desak, (32) ni 2-tur Volterra integral
tenglamasi sifatida qarab, uning yechimini rezolventa orqali yozib olish mumkin:

Bu yechimni (21) ga olib borib qo‘yilganda 7, (y) ga nisbatan yana bir 2-tur
Volterra integral tenglamasini olamiz.

Berilganlarga ma’lum shartlar asosida bu integral tenglamaning yechimi ham
rezolventa orqali yoziladi. (15) munosabatlardan va (5), (6) ulash shartlari asosida

voi(y), vf(y) funksiyalar topiladi. Undan so‘ng €3, sohada yechim (8) formula, €2,
sohada (10), QQ, sohada esa (11) formulalar bilan tiklanadi.

Masala ekvivalaent tarzda 2-tur Volterra integral tenglamalar sistemasiga
keltirilganligi tufayli, masala yechimi yagona bo’‘ladi.
Demak, quyidagi tasdiq o‘rinli:

Teorema. Agar EE,@, p.w C0]1 C2(01), F(xy)<(@)1 CH(Q),

I, va I, integral operatorlar (19) ko‘rinishda berilgan bo‘lsa va ¢ #0, a, #0

bo‘lganda 1-masalaning yechimi mavjud va yagona bo‘ladi.
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