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O‘ZGARMAS KOEFFITSIYENTLI INTEGRO-DIFFERENSIAL TENGLAMALAR
SISTEMASINI YECHISHNING DALAMBER USULI

https://doi.org/10.5281 /zenodo.7852983

A.0.Mamanazarov
0.A.Abdubannopova

Annotatsiya. Ushbu magqolada bir jinsli bolmagan chiziqli integro-differensial
tenglamalar sistemasi uchun Koshi masalasi yechimi Dalamber usulidan foydalanib
aniqlangan.

Quyidagi
Do x(t)=al’ x(t)+bl7 y(t)+ f (t),
" (O =alix(V) by 60,
D y(t)=clZx(t)+dIzy(t)+ f,(t),
sistemaning
(2) !inrgI,ln‘t“x(t):xo,!irmI;‘t“y(t):yo

boshlang‘ich shartlarni qanoatlantiruvchi yechimini topish masalasini garaylik,
bu yerda D7, va |’ Kkasr tartibli Riman-Liuvill ma’'nosidagi differensial va integral
operatorlar bo‘lib[1], quyidagicha aniqlanadi:
1 d

Daz(t)= fi—a) a}[(t —s) “z(s)ds,
Igtz(t):ﬁi(t—s)y_lz(s)ds,

F(Z) - Eylerning gamma-funksiyasi[2], «,7, a,b,C,d,XO, Y- berilgan hagqiqiy
sonlar bo'lib, O0<a <1, y>0; fl('[) va f, ('[) berilgan funksiyalar, X('[) va y(t) lar
esa noma’lum funksiyalar.

{(1),(2)} Koshi masalasining yechimini topish bilan shug‘ullanamiz. Dastlab, (1)
ning ikkinchi tenglamasini A songa ko‘paytirib so‘ngra birinchi tenglamaga qo‘shamiz.
Natijada quyidagi tenglikka ega bo‘lamiz:

3) D& x(t)+Ay(t)|=(a+ac)1zx(t)+(b+ad )17y (t)+ f,(t)+Af,(t).

(3) ni quyidagi ko‘rinishda yozib olamiz:

4 Dr[x(t)+2y(t)]=(a+ ﬂc)[lr{ux(t) L b+ad

a+ Ac

|7’

mty(t):|+ f.(t)+Af,(t).
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b+ Ad
a+Ac
Faraz qilaylik bu tenglama 4 va A4, ildizlarga ega bo’lsin. Quyidagi hollarni qaraymiz:
a) L4 eV,
b) A=A =1eV,
A A4#AET.
Dastlab a) holni qaraylik. Bu holda (4) tenglama ushbu
(5) Dg[x(1)+Ay(t)]=(a+Ac)| 1zx(t)+ A7y (t) [+ f.(t)+ AT, (1), i=12

ko‘rinishdagi X(t)+Ay(t) noma’lumlarga nisbatan chizigli ikkita tenglama

A sonni shunday tanlaylikki, u ushbu

ko’rinishini oladi. Soddalik maqgsadida quyidagi belgilashlarni kiritaylik:

6  xO+AyO=z(t), LO+ALO="T(t), a+ic=20 i=12.

U holda (5) tenglama quyidagi ko‘rinishga keladi:

(7) Dzz(t)=A87z2(t)+ f,, (1), i=12.
Ushbu
(8) 12DEp(t) =p(t) —(t—m) " T (@) 15%0(t)|

o

formulani e’tiborga olgan holda (7) tenglikning har ikki tomoniga 17,

operatorni

tatbiq qilamiz. (2) shartlarni va kasr-tartibli integral operator yoyilmasini e’tiborga
olsak, Z(t) noma’lum funksiyaga nisbatan

9) 224 _rn()aw o1,

a+y)
ko‘rinishdagi 2-tur Volterra integral tenglamasiga ega bo‘lamiz. Bu yerda

(10) fa () =12 () +(t—m) " T (@) 15%2(t)] -
U holda (9) tenglama quyidagi ko‘rinishga keladi:

an 2(6) - 2 K (tn)2(n)dn = £, (1)

Oxirgi tenglama yechimini kema-ket yaqinlashish usulidan foydalanib topamiz.

Nolinchi yaginlashish sifatida f,;(t) ni gabul gilamiz:

z,(t)=f,;(t).
Birinchi va ikkinchi yaginlashishlarni mos holda quyidagi formulalar orqali
aniglaymiz:
t

z,(t)="f,;(t)+ /ﬂ/‘j K(t,7)f,;(77)dn,

m

z,(t)=f,; (t)+){iK(t,r){ f, (r)+}ﬂ/‘j£K(r,77)f4yi (n)dn}dr=

m

6le

= /A tenglamaning yechimi bo‘lsin.
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TOlTAGC

)

)

t t
= £, () + A K (t7)f,,(n)dn + LK, (t.n7) £, ().
n-yaqinlashishni esa

ton
2, = £, () + 2 DR, t,n) T, (n)dn
m j=0
formuladan foydalanib topamiz, bu yerda K j (t, 77) - iteratsiyalangan yadrolar *
bo‘lib,
K. (t,7)=K(t,7)=(t— S)“”_ll“‘l(a +7),

K, (t,?])=jK(t,T)Kj_1(T,ﬂ)dT. j=23....

Dastlab, K, (t,77) ni hisoblaylik:

K, (t,ﬁ)ZjK(t,r)K(T,U)dr =j(t _T);j(;f:;;])amdf- j=23....

n
Ushbu almashtirishni bajaramiz: T=(t—77)5+77. U holda beta va gamma-

funksiya xossalaridan foydalansak [2],

1 (t _ 77)2(0:+7)—1 (1_ S)‘”y - S‘”’ 1 (t _ 77)2(0:+7)—1 1 . iy
K t = = aty 1— =
,(t,77) ! (o) ds lat7) !s (1-5)"""ds

~ (t _ 77)2(0{+7)—1 (t _ 77)2(0{+7/)—1 1_,2 (a n 7/) ~ (t . U)Z(aﬂ/)—l
- (a+y) I*(a+y)I[2(a+y)] _F[Z(a+7/):|'
Matematik induksiya usulidan ko‘rsatish mumkinki, K, (t,7) uchun quyidagi

Bla+y,a+y)=

tenglik o‘rinli:

(t-

K. (t,n)= -
J( 77) r j(a+7)]
Endi R(t, m; }%) rezolventani tuzamiz:

= X 1t _ )@ _N\i(ay)raty-L
e e

= jzof[j(a+7)+a+7/]'
Ea, ﬁ(Z) - Mittag-Leffler funksiyasining yoyilmasidan foydalansak [3],

)j(a+y)—1

, j=123...

rezolventani quyidagicha yozishimiz mumkin:

R(t,n;/ﬂ/‘) _ (t _77)0:+7—1 Ea+}/,a+7 |:z/({t _n)a+7i|.

U holda 2-tur Volterra integral tenglamalari nazariyasiga [4] asosan, (11)
tenglama yechimi ushbu formula orqgali aniqlanadi:
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(12) 2(t)=f,,(t)+ 7¥‘i(t 1) By | H=1)" | B ().

Endi (6) va (12) tengliklarga asosan quyidagi tenglamalar sistemasini tuzamiz:

x(t)+A4y(t)=1,(t)+
(13) +7ﬂ/§(t 1) By | M=) [ Fs (), =12,

Oxirgi tenglamar sistemasini algebraik qo‘shish usulidan foydalanib, X(t) va

y(t) noma’lum funksiyalarni

X(t) = f,, (t)+(a+ ﬂic)rji(t 1) By | (2 2€) (=) [ s () A = Ay (¢

1
A=4

(t=7) ™ By | (24 AC)(E =) [fis () -

y(t) {fa(t)—f,,(t)+

+(a+Ac)

Se—

e (w0 T

ko‘rinishda bir qiymatli aniqlashimiz mumkin.
b) holni qgaraylik. Bu holda (13) tenglamalar sistemasida quyidagi ikki
noma’lumli bitta chiziqli differensial tenglamaga ega bo‘lamiz:

() + 2y()= £, (0)+ Ht ) By [ M) | ().

m

Oxirgidan y(t) noma’lum funksiyani

y(t) =%{ fu(t)+ }Vi(t 1) E ey | M=) | f4(f7)df7} —%

ko‘rinishda topamiz. So‘ngra topilgan y(t) funksiyani (1) tenglamalar

sistemaning birinchi tenglamasiga qo‘yib

DEx(t) :(a—%j 17x(t)+
(14) +% I |: f, (t) + E/tf(t _77)05+7—1 Egﬂ,ﬂﬂ [}Yet B n)a+7:| f, (77)d77:| +1, (t)

m

tenglamani topamiz. Soddalik maqgsadida

()= I:{n (t)+}{f;(t ) E [ M) ] f4(n)dn}+ f (1)
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(15) A'=a-ba™.

belgilashlarni kiritganimizdan so‘ng, (14) tenglama quyidagi ko‘rinishni oladi:
Dex(t)=A"17x(t)+ f5(t).

Oxirgi tenglamaning har ikki tarafiga (8) formulani qo‘llaymiz. Natijada quyidagi

(16) x(t)—l'l%x(n)dn: £ (1)

ko‘rinishdagi 2-tur Volterra integral tenglamasiga ega bo‘lamiz. Bu yerda

a-1
t—m w "
an i (t):(FT)) X (O]t o (1):
(16) tenglamaning yechimi (9) tenglamaning yechimi kabi topiladi.
Endi c) holni qaraylik. Bu holda {(1),(2)} Koshi masalasining yechimi a) holdagi
kabi aniqlanadi.
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