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UMUMLASHGAN HILFER MA’'NOSIDAGI HOSILA VA RIMAN-LIUVILL
MA’NOSIDAGI INTEGRALNI O‘Z ICHIGA OLUVCHI ODDIY DIFFERENSIAL
TENGLAMA UCHUN KOSHI MASALASI

3AJAYA KOIIU A4 OBBIKHOBEHHOTI'O JU®PPEPEHLIUAJ/IBHOT O
YPABHEHMA C IPOU3BO/IHOM B OBOBIIIEHHOM CMBICJ/IE TH/Ib®EPA U
HUHTEI'PAJIOM B CMbICJIE PUMAHA-JINYBUJIA

THE CAUCHY PROBLEM FOR AN ORDINARY DIFFERENTIAL EQUATION
INVOLVING THE DERIVATIVE IN THE GENERALIZED HILFER SENSE AND THE
INTEGRAL IN THE RIEMAN-LIOUVILLE SENSE

https://doi.org/10.5281/zenodo.7847513

Omonova Dinora Dilshodjon qizi
Farg'ona davlat universiteti talabasi

Annotatsiya. Ushbu maqolada umumlashgan hilfer ma’nosidagi hosila va riman-
liuvill ma’nosidagi integralni oz ichiga oluvchi oddiy differensial tenglama uchun koshi
masalasi o'rganilgan. Masalaning yechimi Mittag-Leffler funksiyasi yordamida
topilgan.Berilgan funksiya yetarli shart topilgan va teorema shaklida bayon qilingan
hamda bu teorema isbotlangan.
AHHOTanusa: B cmamve uccaedyemcsa 3adaya Kowu 0451 06bIKHOBEHHO20
duggepeHyuaibHO20 ypasHeHusl, codepicawje2o npou38odHy0 8 0606UeHHOM CMbICAE
T'unvgpepa u unmezpan 8 cmuicae Pumana-/luysunns. Pewenue 3ada4u 6b110 HatideHO ¢
nomoubto pynkyuu Mummae-Jlegpgpnepa, 045 daHHot pyHkyuu HatioeHo docmamoyvHoe
ycaosue, komopoe cihopMyaupo8aHo 8 sude meopeMbl, U 3ma meopema doKka3aHa.
Abstract: In this article, the Cauchy problem for an ordinary differential equation
containing a derivative in the generalized Hilfer sense and an integral in the Riemann-
Liouville sense is studied. The solution to the problem was found using the Mittag-Leffler
function. A sufficient condition was found for the given function and it was stated in the
form of a theorem, and this theorem was proved.

Kalit so'zlar: oddiy differensial tenglama, kasr tartibli operator, Koshi masalasi.

KiloueBble cjioBa: 06biKHOBeHHOe du@gepeHyuaibHoe YypasHeHue, onepamop
dpobHozo nopsidka, 3adaya Kowu.
Keywords: ordinary differential equation, fractional order operator, Cauchy
problem .

L.Kirish. So‘ngi vaqtlarda kasr tartibli integro-differensial operatorlar qatnashgan
differensial tengalamalar bilan shug‘ullanishga bo’lgan qizigish ortib bormoqgda. Bunga
sabab ko'plab issiglik tarqgalish va diffuziya jarayonlarini matematik modelini tuzish
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funksiyani biror qiymati qatnashgan differensial tenglama uchun qo‘yiladigan
masalalarga keltiriladi. Kasr tartibli integro-differensial operatorlar qatnashgan
xususiy hosilali va oddiy differensial tenglamalar ko'plab tadqiqotchilar tomonidan
o‘rganilgan.Masalan [1-3] ishlarga garalsin.

II. Masalaning qo‘yilishi.

(0,1) oraligda ushbu

DLy (x) = A1,y (x) = f(X) (1)

kasr tartibli oddiy differensial tenglamani qaraylik, bu yerda y(x)-noma’lum
funksiya, f (x)—berilgan funksiya; «,¢,8,41-0zgarmas haqiqiy sonlar bo‘lib,

0<a<10<p<10<B<1; D{?”y(x)-Hilfer ma'nosidagi kasr tartibli hosilasi [4].

% 15,77y (%), (2)
17, Y(X)—Riman-Liuvill ma’nosida y (kasr) tartibli integral [5].

?), — 1-
Di ™y () =14

5900 = 5 [0yt >0

Koshi masalasi. Shunday y(x) funksiya topilsinki, u quyidagi xossalarga ega
bolsin:

1) x&AEIy(x) eC[0,1], D?”y(x) €C(0,1) sinfga tegishli

2) (1) tenlamani qanoatlantirsin;

3) x=0nuqtada esa

lim 1740y () = A 3)

shartni qanoatlantirsin, bu yerda, A - berilgan o‘zgarmas haqiqiy son.
(1) tenglamani

o 4 wpa
o )&lélxﬂ E2y(x) - 215,y (x) = £ (x) (4)

ko‘rinishda yozib olamiz.
(4) tenglamaga D/®* ni ta'sir ettirib,

1 d
I'd-p@Q-a)+y) dx
__ 1 d
r'd-A01-a)) dx

formulalardan foydalanib, uni quyidagicha yozib olamiz;

Dy 15,y(x) = Jx=2y 7y (2)ez,
0

Dy y(x) = _[(x —2)P 9 y(z)dz ,
0

d enee _ A a h _ 7y A-a) -
' YO T s dx!(x 2y ()
_ 1 LI PR
) & ! (X—2) f(2)dz. (6)

(6) ni 0dan x gacha integrallab, uni quyidagicha yozib olamiz;
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B A
I1-pQA-a)+7)

F
E

() )
69
5D
g £

N

(1-p)(1-a)
I 0x y(X)

N,

. .
o
i

j(x —z) P y(2)dz =

Ee)

B X x (7) 2316 |
%%E A 0D @A (0) g g 3*%?

B

ta’sir ettirib,ba'zi
- hisoblashlarni amalga oshirib, quyidagi
3 A

_ T _ \otr+pla—p)-1 _
YO~ ot Bao) !(x 2) y(z)dz =

ng_
32

A
&

w

_ 1 ](.(X _ Z)qo+ﬁ(a—<p)—l f (Z)dZ + AX_(l_ﬂ)(l_(p) (8)
e+ pla—-9) g ra-Qa-50-9)

ko‘rinishdagi ikkinchi tur Volterra integral tenglamasini hosil qilamiz.
(8) integral tenglamani yechish uchun ba’zi belgilashlarni kiritamiz:

Sy
€
.\gm
o AN /

S
6. £
@("* 2k

)

£
i

> 2\‘ - 1 h _ 7\o+Bla—p)-1 Ax PE) '/g €

%5% =t 0 O ©) 3%% f

» f < ~ (X_Z)¢+y+ﬂ(afrﬂ)fl & E
. K (10)

T(p+r+Bla—-p)
(9) va (10) tenglamani ketma-ket yaqinlashish usuli orqali yechamiz.

(x— Z)¢+7+ﬂ(a—¢)—1 ~ X
Tp+y+fla—g) K‘(X’y)_gKl(X’t)K‘1(t’Y)dt

formulalardan foydalanib, ba’zi hisoblashlarni amalga oshirib, n— iteratsialangan °

(> LA
g’ N7
,a? o~

K,(x,2) =

" st
ONCALEYXZT

yadroni

'l

B (X _ Z)n(¢+y+ﬂ(a—¢))—1
D) = = Bla—a))

ko‘rinishda topamiz. K, (x,z) orqali R(x,z,1) rezolventani

D) - 5 IR ' =y (Ol

\)C'

%
o ‘K\%:}
Q,§’3 o)

L (X _ Z)n(¢+7+ﬁ(a—«p))—1

R(x,z,4) =§F(n(¢+7+ﬂ(a—¢)))

ko‘rinishda topamiz.
Integral tenglamalar nazariyasiga ko‘ra tenglama yechimini,

y(x) = 9() - A R(x, 2, A)g(2)dz

ko‘rinishda yozib olamiz, bu yerda 9«»;« R
s g0 (X _ Z)n(¢+7+ﬁ(a—«p))—1

R(x,z,4)=)

n=1 F(n(¢+7+ﬂ(a_¢))) .

(9) va (10) belgilashlarni e’tiborga olib, ba'zi hisoblashlarni amalga oshirib, A
masalaning formal yechimini

y(x) = Ax A E
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X
+I (X _ Z)¢+ﬂ(a_¢)_lE
0

-

N

() )
69
5D
£

9%
e,

[AxT PO f (2)dz (11)

o+y+f(a—p)p+p(a—p

Ee)

ko'rinishda topamiz, bu yerda

30

.%% Ep,q<z>=2#"+® (12) 3;(%

B

- Mittag-Leffer funksiyasi [6].
Teorema.Agar f(X)=X P f,(xX) bunda p<l—u(l-a), f,(x)eC[0,1] bo'lsa, u
holda Koshi masalasining yechimi mavjud va u (11) formula bilan aniglanadi.

Isbot. Dastlab (11) formulani (1) tenglamani ganoatlantirishini ko‘rsatamiz.
masala yechimni

Y09 = Y1 (X) +Y,(x) (13)
ko‘rinishda yozib olamiz, bu yerda
yl(X) = Ax A E ” [ /1X¢+7+ﬂ(af¢>)] )

B
S

Wp‘e (
0
32

1l
Q.\/g\
%
LA

@("* ),

o

e

7

o+y+B(a—)1-(1-p (1~

V,(¥) =] (x—2)7" " E
0

%
QY
f(:ic)?

[Ax77H@1f (z)dz.

o+y+f(a—p)p+p(a—p)

¢ { Avval vy, (x)ni (1) tenglamani ganoatlantirishini ko‘rsatamiz.Buning uchun ~ 5 QS
LQ@ [Py (x) ni hisoblaymiz: ?& q:
S (14) 505,
1-a)(1- 1-o)(1- —(1-¢)(1-, +y+f(a—
e, | EEPy (x) = | ﬂ)[ Ay o ﬂ)E¢+y+ﬁ(a-¢),1-(1-ﬂ(1-¢)[ AP (p)]] (14) »

da ba’zi
hisoblashlarni amalga oshirib, i

I élx—a)(l—ﬂ) y,(X) = AE X¢+7+ﬁ(a—¢):| (15)

p+y+p(a—p)l I:ﬂ’

g ¢ A ;;
(ACNEENOL .\

D) - 5 IR ' =y (Ol

m
QD

tenglikni hosil qilamiz.(15) ni differensiallaymiz:

i | éi—a)(l—ﬂ) y1(x) — MX¢+7+/3 (a—t/))—lE lx¢+7+ﬁ(a—<ﬂ):| (1 6)

dx
(16) ni har ikki tarafini 17 ni ta’sir ettiramiz:

o+y+p(a—0)o+y+p(a—p) I:

&

MR &

£ S pa-a) 1 aaapy (y) — A0-0) +7+Ba0) +7+8(a-0)
’%% 6\‘ IOX & IOX yl(x) - IOX |:MX¢ ’ g Ewrw(aw)vwwﬂ(mw) [lxw ’ ’ ]:| (17)
- (17) da ba’zi hisoblashlarni amalga oshirib,

B0

I

~a d —a)(1- +7+—Pp— +7+ S (a— :\ X :

I()ﬁ;((l )& I(g::( n yl(X) :ﬂAX(p . 1E¢>+7+ﬁ(a—w)v(/>+7+ﬂ—ﬂ¢ [/IX(/) i (p)] (18) 4 ’%
tenglikni hosil qilamiz. ?
Yuqoridagi kabi 1],y,(x) ni

15y, (X) = AP/ Ao

62
@(.

> n*
QY

3D

T OBGSHCED
R
s A N p

Ee)

[ /1X¢+7+/3(a—¢) ] ( 1 9)

ory+p(a—p).prr+p-Pp
ko‘rinishda topamiz.
(18) va (19) dan

B
=

O
W
@.
Ry

149 Ay, (0 - 217,300 =0 (20) 332% |
) «
ekanligi kelib chiqadi. 5% J
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Endi y,(x) ni (1) tenglamani qanoatlantirishini ko‘rsatamiz.

Ko‘rsatish qiyin emaski,quyidagi tenglik o‘rinli bo‘ladi:
1550y, = [(X=2) ", e i1 aplAX=2)7 770 £ (2)dz (21) (21)
0

da quyidagicha belgilash kiritamiz:
1577y, (x) = 9(x)

(22)
Ko‘rish giyin emaski
d d

| 50-2) = q(x) = — | P& g (x 23

0x ng( ) dX 0x g ( ) ( )
tenglik o‘rinli bo‘ladi.
(22) va (23) dan foydalanib,
d d 1 ¢
— 120G (X) = — —————— [ (x=t)PT g (t)dt 24
o B Ol ] CRUAAC (24)

tenglikni yozib olamiz.
(24) da bir marta bo‘laklab integrallash qoidasini qo‘llab, g(0)=0 va g(l-«)>0

ekanligidan
d d 1 7
D peagyy =2 - —t)PE1q(t)dt
g o 9™ dxF(ﬂ(l—a))!(x : o0

tenglikni  hosil qilamiz.(22) va (21) tengliklardan foydalanib,ba’zi
soddalashtirishlarni amalga oshirib,

dx
tenglikni hosil qilamiz.
Buyerda E;,(0) =1 ekanligini e’tiborga olib,parametr bo‘yicha hosila olib,

~a d ~a)(1- d X +y+p(a—
| pa-a) &) @ myz(x):& I F(2)E, ., o AX”7 Pla-0)]dz (25)
0

pt+y+p(a—g)-1

P a 154y, (x) = () + ﬂj (x—1) E X7 £ (z)dz
0

dx ot+y+B(a—p)p+y+p(a—¢) [/1

(26)
tenglikni hosil qilamiz.
Yuqoridagi kabi 17y, (X) ni

o+y+B(a—p)-1

ng Y2 (X) - .[ (X _t) E¢+7+ﬁ(a—<p),¢>+y+ﬂ(a—¢) [/1 Xwﬁﬂ(a_(p)] f (Z)dZ (2 7)
0

ko‘rinishda topamiz.
(26) va (27) dan y,(x) ni (1) tenglamani ganoatlantirishi kelib chiqadi.

(15), (21) va E,,(0) =1 dan foydalansak, limI?*?y(x) =A kelib chigadi.
9, x—0

Teorema isbotlandi.
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