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Annotatsiya: Ushbu tezisda funksivalarni darajali qatoriga yovishmng yangicha usuli
keltirilgan bo *Itb, bu usul funksional qatorlarni differensiallab rekurrent formulalarga keltirish
orqalli amalga oshiriladl.

Kalt so " zlar: darajali gatorr, differensiallash, rekurrent formula, analitik funksiya.

Hayotiy jarayonlarni matematik modelini tuzish davomida ma’ lum funksiyalarni darajah
gatorga yoyish va bu orqgali funksiya ustida bajarilishi kerak bolgan amallarni uning darajali
qatori orgali bajarish muhim ahamiyatga ega. Shu bilan birga berilgan funksiyani uning
hosilalarini ketma-ket olish yordamida darajali qatorga yoyish bir muncha murakkab va
noqulay hisoblanadi. Tezisda darajali qatorlarni hadlab differensiyallash va integrallash
haqidagl teoremalarga asosan ayrim sinfdagi funksiyalarning darajali qatorini topish usuli
keltirilgan. Ushbu usul amaliyotda qo " llash uchun qulay va tushunarlidir.

1-misol: f(x) = e*" funksiyani x = 0 nuqta atrofida Darajali qatoriga yoying.

.. 2 : .

Yechimu: f(x) =e* funksiya x =0 nuqta atrofida cheksiz marta

differensiallanuvchi. Demak, f(x) = e*" funksiyani X = 0 nuqta atrofida darajali qatorga

yoyish mumkin. Faraz qilaylik, ushbu funksiya darajali qatoriga quyidagicha ko’rinishda

oS

Bunda a,, —darajali qator koeffitsiyentlariva ag = f(0) =1, a; = f'(0) = 0.

yoyilgan bo’lsin:

Ushbu funksional qatorni x = 0 nugqta atrofida hadlab differensiallash mumkin:

0o co
n-1

/ d a,x" a,x
2 xZ — x2 — n — n 2
xe (e ) dxz n! (n—1)! @
n=0 n=1

Agar (2) tenglikdagi e* * had o’rniga uning (1) ko rinishini olib borib qo’ysak,
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hod n+1 o © n+1 o n+1
2anx n+1x Ap42X = a. + An42X
——— = -_—r
z z n+1)! n+1)!
n=0 n=0 -1 ( ) n=0 ( )
n+1
_ an+2x
. (n+ 1)’

tenglik o’rinli bo’ladi. Bu 1kki darajali qator teng bo’lishi uchun x ning mos darajalar
oldidag: koeffitsiyentlari teng bo " lishi kerak. Demalk,
2a,x™Y  a,i.x
nl (m+1D!
a, =2(n—-1)a,_,.

n+1

tenglik kelib chigadi.

Hosil bo " lgan rekurrent ketma-ketlikni soddalashtiramiz:

ap =1, a; =0 tengliklar bizga ma’ lum, u holda

a,=22—-1)a, =2, a3=3B-1)a; =0, a, =44 —1)ay, =12,
as =5(5—1)a, =0, ...

Demak, ketma-ketlikning toq nomerh hadlar1 0 ga teng. Bundan esa rekurrent ketma-
kethikning umumiy hadi quyidagi ko " rinishda bo ™ lishini topamiz:

a,=27(n-1mn-3).. 1

Bundan foydalanib berilgan funksiyani darajali qator ko " rinishda yozishimiz mumkin:

P iZ%(n—l)(n—@...l .

et = x™,
n!

n=0

2-misol: f(x) = sin(uarcsinx) funksiyani x = 0 nuqta atrofida darajali qatoriga
yoying.

Yechimi: Faraz qilaylik f(x) funksiyani darajali qatoriga yoyilmasi quyidagi ko’rinishda
bo’lsin:

sin(u arcsin x)

o k™
=2 ®
ni
n=0
{a,} biror sonli ketma-ketlik. Biz shu {a,} ketma-ketlikni umumiy ko’rinishini topish

masalasini qaraymiz. Agar (3) tenglik o’rinli bo’lsa quyidagilar ham o’rinli bo’ladi:

anxn—l ) B had anxn—z
£ :Zm =2 aa &
Shuningdek
f'x) = cos(y arcsin x), f'(x) = - xz)\/_cos(u arcsinx) —

Demak, x = 0 nuqtaning yetarlicha kichik atrofida
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12
Fr0) = L Fe.
tenglik o’rinli bo’ladi.

ushbu hosil gilingan tenglikka (4) tenglikdagi ifodalarm olib kelib qoysak, quyidagi

tenglikka ega bo’lamiz:
(0]

1 anx™t -1 z anx" " anx" 2
-2 Lm-D! " L L-2)r
- a,x" z wranx™ a,x"? - a,x"
—1)! | — 2! — 2
—~ (n—1)! n! P (n—2)! i (n —2)!
Demak,
i an+1xn+1 z ,Ll anx i H an+2xn+2 i .uzan+2xn
(n)! n!
n=0 n=0 n=0 n=0

2

z X" <(n (inl)! B MnC!ln> - ; (?1’15'2 " (n CinZ)!) x"

Ikki darajali gqator teng bo’lishi uchun ularning mos koeffitsiyentlari teng bo’lishi kerak:
An _ Auzan _ An+2 _ An
(n—1)! n! n)! (m-2)Y
Any2 = an(n) + an(n)(n -1) - .uzan;
Any2 = an(nz - Au'z)l
ekanligi kelib chiqadi. Bizga ag = 0 va a; = pu koeffitsiyentlar ma’ lum. Demak,
a, = (O — Hz)ao = 0, as = (1 — ,Ltz)al =1-— ‘le, a, = (4‘ — ,uz)az = O,

Bundan esa hosil qilingan rekurrent ketma-ketlikning juft nomerh hadlari nolga teng

ekanligi kelib chigadi. Ya’'mi rekurrent Kketma-ketligimizning umumiy hadi quyidagi
ko rinishda bo " ladi:
Aosr = (2k = 1)% = p?) .. (1 = p®)p.
Demak, berilgan funksiyaning darajali qatori quyidagichi bo " ladi:
— 12 = pu®)((2k = 3)* = p?) .. (1 = p*)u 2kt
2k +1)!

| | " (2K
sin(u arcsin x) = ux + Z

8-misol: f (x) = e* sin x funksiyani darajali qatoriga yoying.
Yechimi: Faraz qilaylik, f(x) funksiyaning darajali qatorga yoyilmasi quyidagi
ko’rinishda bo’lsin:

f(x) = e*sinx = Z anX” (5)

Bunda a,, — koeffitsiyentlar va ay = f (0) =0, a, =f'(0)=1.
Ushbu funksional qatorni x = 0 nuqta atrofida ikki marta hadlab
differensiallab quyidagilarn hosil qilamiz:
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a,x"

e*sinx + e* cosx = (e* smx)’—d Z

(00]

~ a,x"1
- Li(n—-1)! (6)
n=1
d? ~ aq,x"
2e*cosx = (e*sinx)" = Z z
dx? n!
n=0
B a,x"
- La(n-2)! 7
n=2

Berilgan f(x) = e” sin x funksiyadan I va II tartibli hosilalarini olib, quyidagi tenglikni
hosil qilish mumkin:

1
F100) = F) +5 700 (®)
Endi (8) tenglikka (6) va (7) tengliklardagi ifodalarni qo’ysak, quyidagi tenglikka ega
bo " lamiz:
- anx"t ianx 1% anx"? 2
(n—1)! n! 2 (n 2)l
=1 n=0
z Apyr X" z anpx" z an+zx
n n! 2
n=1 n=0

Bu ikki darajali gqator teng bo’lishi uchun x ning mos darajalar oldidagi koethitsiyentlar
teng bo " lishi kerak. Demak,

Ape1  Q la,,,
:l:- == 2 ;ll-;- n=20n_1— 20y, (9)

Rekurrent ketma—kethkm topish formulasiga asosan (9) tenglikni quyidagicha
ifodalash mumkin:
y2 =2y -2 (10)
(10) tenglik ildizlant y; =1+, y, =1 —i. Ushbu ildizlardan foydalamb quyidagi
tenglikni hosil qilamiz:
4, = CLy)" + C(y)" > a, = C,(L+ D"+ C,(1— D" (11)
Bizda ag=f(0)=0, a;, =f'(0) =1 ma’lum. Bulardan foydalanib (11)
tenglikdagi Cy va C, topamiz:

20
Endi C; va C, larning qiymatlarini (11) tenglikka qo yamiz va soddalashtiramiz:
1 1
=5{1+a"——xl—om
l

- o)
% CcosS ) [ sin 4 ,

(v2)"
2i

(cos 2 + isin E)

a, = 4
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(V2 ) ( 4 nm nm 7n7r)E> _27; nm
In =~ cos4 Lsm4 cos— [ sin 2 Ay sm4

Demak, berilgan funksiyaning darajali qatori quyidagi ko " rinishda ekan:

n
1'% — . nr
ZZSII’IT
e*sinx = E —_—x™

n!
n=0

4-misol. f(x) = TZaril funksiyani darajali qatorga yoying.
Yechimi: Faraz qilaylik f(x) funksiyaning darajali qatorga yoyilmasi quyidagi
ko’rmishda bo’lsin:

FO) = = > (12)

x2+x+1 n!

n=0
Bunda a, — koeffitsiyentlarva ay = f(0) =1, a; = f'(0) = —1.

Ushbu funksional qatorni x = 0 nuqta atroﬁda hadlab differensiallash mumkin:

2x+1 ( 1 ) Z a,x" apx"t 1 (13)
(2 +x+1)2 x2+x+1 dx B (n—l)'
(13) ifodani soddalashtirsak,
2x + 1 a,x" 1
2 n
e SV Z X 14
pranper Bl CHE Y (0 —1)! (14)
n=

Agar (14) tenglikdagi x2+1x+1 had o’rniga uning (12) ko rinishini olib borib qo’ysak,

n o . x"1

= (x2 1 E—" :

x“+x+1) =D
n=1

= 20, x™ apx™ - a,x"t1 N a,x" N a,x™ 1
z n! nl 1(n—1)! m—1D! (n-21"
n=
a a a
n+1 n n+1 n+2 ) n+1
= L S .
2( - (n+1)') Z((n—l)! e+ DU
n=

tenghk orinli bo’ladi. Bu 1kki darajali qator teng bo’lish1 uchun x ning mos darajalar
oldidagi koeftitsiyentlari teng bo " lishi kerak. Demak,
_ 2ay N n An+1 An+2
n! n+1)! (m-1)! n! (n+1)!
—2a,(n+ 1) — apy1 = a,(0* + 1) + app (n+ 1) + Ay,
Anyz = —(n+ 2)(an+1 + a,(n + 1))

Hosil bo *lgan rekurrent ketma-ketlikni soddalashtiramiz:
ao,=1, a; =-1, a, =2(—a, —ay) =0, az =3(—a, —2a,) =6,
a, = 4(—a; — 3a,) = —24, as=5(—a, —4a;3) =0,..

Demak, {a,} had ko’rinishi quyidagicha ko’rinishda:
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0, agar n=3k—1, k€N
0y {

n!, agarn = 3k, k €N,
-n!, agarn=3k+1k€eN

yoki
2 ) 2n(n+ 1)
a, = —Nn:)SIn
n \/g 3
Berilgan funksiyaning darajali qatorga yoyilmasi quyidagicha bo " ladi:
1 o2 2n(n+1)
— = —SiInN———mX".
x> +x+1 - V3 3

FOYDALANILGAN ADABIYOTLAR:

1. Sh.O.Alimov, R.R.Ashurov. Matematik tahlil, 1-qism. “Kamalak” nashriyoti.
Toshkent, 2012.

2. B.I1. JemunoBuu, COOpHUK 3aa4y U YIPaXHEHUH MO MATEMAaTHYECKOMY aHAJIH3Y.
Mocksa, 1997.

3. Apostol, Tom (1974), Mathematical analysis, Addison-Wesley.
4. Hormander, L. (1976), Linear Partial Differential Operators, Volume 1,
Springer, ISBN 978-3-540-00662-6.

5. Bartle, Robert G.; Sherbert, Donald R. (2011), Introduction to Real
Analysis (4th ed.), Wiley, ISBN 978-0-471-43331-6.

103


https://en.wikipedia.org/wiki/Lars_H%C3%B6rmander
https://en.wikipedia.org/wiki/ISBN_(identifier)
https://en.wikipedia.org/wiki/Special:BookSources/978-3-540-00662-6
https://en.wikipedia.org/wiki/ISBN_(identifier)
https://en.wikipedia.org/wiki/Special:BookSources/978-0-471-43331-6

